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We investigate the direct determination of expansion history using redshift distortions without
plugging into detailed cosmological parameters. The observed spectra in redshift space include a
mixture of information: fluctuations of density–density and velocity–velocity spectra, and distance
measures of perpendicular and parallel components to the line of sight. Unfortunately it is hard to
measure all the components simultaneously without any specific prior assumption. Common prior
assumptions include a linear/quasi-linear model of redshift distortions or a model for the shape of
the power spectra, which eventually breaks down on small scales at later epochs where nonlinear
structure formation disturbs coherent growth. The degeneracy breaking, between the effect of cosmic
distances and redshift distortions for example, depends on the prior we assume. An alternative
approach is to utilize the cosmological principle inscribed in the heart of the Friedmann–Lematre–
Robertson–Walker (hereafter FLRW) universe, that is, the specific relation between the angular
diameter distance and the Hubble parameter, in this degeneracy breaking. We show that utilizing
this FLRW prior early in the step of distinguishing the distance effect from redshift distortions
helps us improve the detectability of power spectra and distance measures with no leaning on a
combination of other experiments.
PACS numbers: draft
I. INTRODUCTION
The fundamental cosmological observables of the uni-
verse are cosmic expansion, large scale structure forma-
tion and curvature of space. Those are key tracers of the
past, present and future of the universe. Cosmic expan-
sion is defined by the expansion of the distance among
cosmological objects of the universe with time. The his-
tory of the universe is known by this expansion rate at
each epoch [1]. The universe at large scale appears as
a compilation of swiss cheese–like bubbles bordered by
filaments of galaxies. This contemporary spatial distri-
bution is clearly observable in a three dimensional recon-
struction of the spectroscopy wide–deep survey [2]. The
fate of the universe is determined by the global shape of
space. The spatial manifold of the universe appears to
be compact or non–compact without boundary [3]. The
consistency of those key observables with predictions of
known physical sciences on the earth will be evidence
of the existence of the Friedmann–Lematre–Robertson–
Walker (hereafter FLRW) universe.
The discovery of metric expansion revolutionized our
understanding of the universe. The metric expansion is
successfully modeled by the FLRWmodel based upon the
cosmological principle. The cosmological principle is a
philosophical statement that all properties of the universe
are viewed the same for all observers on a sufficiently
large scale. However, the first evidence of cosmic accel-
eration in 1998 [4, 5] brought an issue of inconsistency
between the observables of the FLRW universe and the
predictions of physical sciences. A prime goal of precision
cosmology in the next decades is to provide cosmological
observables in a theoretical model independent way for
a fair judgement of confirmation or exclusion. In other
words, cosmic observation should be unplugged from our
prior knowledge of underlying sciences. We investigate
methods to probe the fundamental cosmological observ-
ables without plugging into theoretical models described
by detailed cosmological parameters.
The full history of cosmic expansion can be recon-
structed using galaxy redshift surveys. Despite the en-
riched nonlinear structures, the zero-th order description
of our current universe is homogeneous and isotropic over
sufficiently large scales [6–16]. The measured spatial dis-
tribution of galaxies is determined by the density fluc-
tuations and the coherent peculiar velocities of galaxies.
Even though we expect the clustering of galaxies in real
space to have no preferred direction, galaxy maps pro-
duced by estimating distances from redshifts obtained in
spectroscopic surveys reveal an anisotropic galaxy distri-
bution. The anisotropies arise because galaxy recession
velocities, from which distances are inferred, include com-
ponents from both the Hubble flow and peculiar velocities
driven by the clustering of matter. Measurements of the
anisotropies allow constraints to be placed on the rate of
growth of clustering and Hubble flow along the line of
sight [17–38].
The observed spectra in redshift space depend not only
on fluctuations of density and velocity fields but also on
distance measures of components perpendicular and par-
allel to the line of sight [39–44]. Unfortunately, those
are not simultaneously decomposed out of redshift dis-
tortions due to high degeneracy among observables. Pa-
rameterized approach based upon a specific theoretical
model is commonly used to get over this problem. But
those observables should be provided a priori without the
theoretical model to be tested. We discuss the method to
provide the following key observables in theoretical model
independent way; the expansion rate at each targeted
redshift, the spectra of density and peculiar velocity, and
the curvature of the space.
2Here we propose a couple of theoretical model inde-
pendent approaches to break the degeneracy among ob-
servables. The first approach is an easier way but less
model–independent, and the second approach is a harder
way but more model–independent.
First approach; we can, in principle, resolve this prob-
lem if we understand the shape of the power spectrum
precisely. In the context of standard cosmology, the
shape of spectra is determined before the last scatter-
ing surface, and in linear theory, it evolves coherently
through all scales. In this case, the shape of spectra
is determined by CMB experiments, both the coherent
growth functions of density and velocity and the distance
measures can be determined separately in precision us-
ing the Alcock-Paczynski test [45]. Unfortunately, this
ansatz is not applicable for a specific theoretical model
of cosmic acceleration in which structure formation does
not grow coherently at later epochs, i.e. the determined
shape of spectra has been altered since the last scattering
surface [46–48].
Second approach; we propose an alternative method to
make measurements while assuming theoretical prior as
minimally as possible. In the FLRW universe, the trans-
verse and the radial components can be unified based
upon the spatial homogeneity. Instead of making addi-
tional theoretical antsatz, we propose the configuration
of spectroscopic wide–deep field survey to be fully tomo-
graphic, i.e., composed of a series of redshift bins, over a
certain range of redshift. If this observational constraint
is satisfied, there is no further need for us to assume theo-
retical prior more than the FLRW universe. We find that
both power spectra and distance measures are simulta-
neously measurable without any assistance from other
experiments. Remarkably, the expansion history of Hub-
ble flow is measured well within a couple of percentage
precision at each redshift.
We summarize the layout of this paper. In Section II,
probing distance measures are presented. In Section III,
model independent observation of spectra is presented.
In Section IV, remaining issues are discussed.
II. DETERMINATION OF DISTANCE
MEASURES
The observed galaxy–galaxy correlation in redshift
space depends on the fluctuations of density and velocity
fields and the distance measures of components perpen-
dicular and parallel to the line of sight. The transverse
distance is represented by the angular diameter distance
DA, and the radial distance is represented by the inverse
of Hubble flow H−1 at each given redshift. The linear
response of the observed power spectra to the variation
of distance measures is studied in detail in this section.
In the following subsections, we present various methods
to probe distance measures out of the observed spectra.
The future tomographic wide–deep survey from z = 0
to 2 is assumed through this paper. The fiducial cos-
mology model is the ΛCDM universe with cosmologi-
cal parameters of (Ωm = 0.24, Ωk = 0, h = 0.73, A
2
S =
2.41× 10−9, nS = 0.96, σ8 = 1.0).
A. Components of observed galaxy power spectra
An observed galaxy power spectrum P˜ (k, µ, z) in red-
shift space is commonly modeled as [49] over k <
0.1 hMpc−1,
P˜ (k, µ, z) = Pgg(k, z) + 2µ
2PgΘ(k, z) + µ
4PΘΘ(k, z) ,
where the subscripts g and Θ denote the inhomogeneity
of galaxy number density and the divergence of peculiar
velocity measured in the unit of aH . Power spectra Pgg,
PgΘ and PΘΘ correspond to components of fluctuations of
density and velocity fields. The subscript g denotes per-
turbations of galaxy distribution. Galaxy number over-
density δg(k, z) is in general biased relative to mass fluc-
tuations and assumed to be δg(k, z) = b(k, z)δm(k, z).
The fiducial value of b is assumed to be b = 1 and scale
independent in the manuscript.
The observed spectra are transformed by variation
of distance measures through correspondent coordinate
components in Fourier space. With the plane wave ap-
proximation, k and µ are given by k⊥ and k‖ as,
k =
√
k2⊥ + k
2
‖
µ = k‖/k . (1)
Given the observational quantities, such as k⊥DA (i.e.,
an angular scale) and k‖H
−1 (i.e., a scale along redshift),
different distance measures (DA and H
−1) result in a
feature of power spectra in a different wavenumber k⊥
and k‖. When we have prior information on the location
of a feature in k⊥ and k‖, we then can determine DA and
H−1.
B. Alcock–Paczynski test using redshift distortions
Ratio between observed transverse and radial distances
varies with the assumed theoretical models. If an object
is known to be isotropic, the ratio of the intrinsic trans-
verse and radial distances gives a relation of the observed
distance measures of DA and H
−1. This method is called
as Alcock–Paczynski test. The original Alcock-Paczynski
test can be extended into the intrinsically anisotropic ob-
jects. If the anisotropy of the observed spectra is known,
the ratio between true DA and H
−1 should be known
by the anisotropic relation of the observed distance mea-
sures.
We discuss the extended Alcock-Paczynski test using
redshift distortions in this subsection. To begin with,
the spectra of Pgg and PΘΘ are assumed to be known
here. The observed anisotropy of P˜ is configured along
3FIG. 1: (Top panel) Derivatives of P˜ in terms of distance measures
of DA and H
−1 are presented with given k = 0.05 hMpc−1 and
z = 1. Solid and dash curves represent derivatives of P˜ in terms
of DA and H
−1 respectively. (Bottom panel) Derivatives of P in
terms of distance measures of DA and H
−1 are presented. Solid
and dash curves represent derivatives of P in terms of DA and H
−1
respectively.
the µ direction. We present the correspondent change of
P˜ (k, µ) to the variation of DA or H
−1.
Logarithmic derivative of P˜ in terms of DA is given by,
d ln P˜ (k, µ)
d lnDA
= −(1− µ2)
d ln P˜ (k, µ)
d ln k
(2)
+ 4µ2(1− µ2)
PgΘ(k) + µ
2PΘΘ(k)
P˜ (k, µ)
,
and the logarithmic derivative of P˜ in terms of H−1 is
given by,
d ln P˜ (k, µ)
d lnH−1
= −µ2
d ln P˜ (k, µ)
d ln k
(3)
− 4µ2(1− µ2)
PgΘ(k) + µ
2PΘΘ(k)
P˜ (k, µ)
,
where d ln P˜ /d ln k is,
d ln P˜
d ln k
=
d lnPgg
d ln k
+ 2µ2
d lnPgΘ
d ln k
+ µ4
d lnPΘΘ
d ln k
.
The derivatives are presented graphically in Fig. 1. The
derivative of d ln P˜ /d lnDA vanishes at µ → 1. The ori-
entation of correlation pairs of P˜ at µ → 1 is parallel to
the line of sight. Thus P˜ becomes independent of the
variation of transverse distance of DA. The derivative
of d ln P˜ /d lnH−1 vanishes at µ → 0 for the opposite
reason.
We find that from redshift distortion alone, the radial
and transverse correlations can be measured. The two
point galaxy correlation function is determined at linear
order in perturbation theory. Redshift space distortions
are taken into account for arbitrary angular and redshift
separations. The observed spectra of P˜ in redshift space
are very different along the µ direction. The transverse
and radial distances are indeed separable as shown in
Fig. 1. It can be the extended Alcock-Paczynski test
using redshift distortions. When the spectra of Pgg and
PΘΘ are known,DA andH
−1 will be measured with good
precision.
In practice, the observed spectra are estimated using
referenced coordinates, not true coordinates, because the
transformation rule between the observed (Ra, Dec, z)
and the cartesian coordinates of distance measures is un-
known. This uncertainty is added as a volume factor,
which is given by,
P˜ (kref , µref ; z)/Vref = P˜ (k, µ; z)/V (4)
where V is a volume factor given by V = D2AH
−1. If we
define projected spectra P as,
P(k, µ, z) ≡ P˜ (k, µ, z) [Vref(z)/V (z)] , (5)
then the logarithmic derivatives of P in terms of DA and
H−1 are given by,
d lnP(k, µ)
d lnDA
=
d ln P˜ (k, µ)
d lnDA
− 2 (6)
d lnP(k, µ)
d lnH−1
=
d ln P˜ (k, µ)
d lnH−1
− 1 . (7)
Constants in the above equations represent the volume
factor effects. If those effects dominate, then the orthogo-
nal feature of DA and H
−1 will be wiped out. We present
results in the bottom panel of Fig. 1. Although it be-
comes degenerate at µ → 0, a distinct feature still re-
mains at µ→ 1, which enables us to separately measure
DA and H
−1. Hereafter, this volume factor is included
in the derivatives of P˜ .
This Alcock-Paczynski test using redshift distortions
is available, when the anisotropy is known previously.
The anisotropy in the observed spectra is caused by the
squeezing effect resulting from radial recessing velocities
of galaxies. In reality, it is unknown. In the following
subsections, we discuss the specific conditions to mea-
sure both the transverse and radial distances, while the
spectra of Pgg and PΘΘ are not given.
C. Estimation to derive detectability
We estimate errors to decompose all those components
introduced in the previous subsection using the following
Fisher matrix analysis [23]. With the consideration of the
4non-perturbative contribution and the perfect correlation
between g and Θ at linear regime, the power spectra in
redshift space, P˜ in Eq. 1, are rewritten as [51],
P˜ (k, µ, z) =
{
Pgg(k, z) + 2µ
2r(k) [Pgg(k, z)PΘΘ(k, z)]
1/2
+ µ4PΘΘ(k, z)
}
FFoG(k, µ, σz) . (8)
The cross-correlation coefficient r(k) is defined as r(k) ≡
PgΘ/
√
PggPΘΘ. The density–velocity fields are highly
correlated for k < 0.1 hMpc−1 thus we assume that the
density and velocities are perfectly correlated, r(k) ∼ 1.
The density-velocity cross-spectra become the geometric
mean of the two auto-spectra to leave only two free func-
tions, Pgg and PΘΘ. The function of FFoG represents the
Finger-of-God effect [30, 50–53]. For simplicity, we set
FFoG = 1 in this work.
Errors of determining parameter pα out of P˜ can be
estimated using Fisher matrix analysis determining the
sensitivity of a particular measurement. The Fisher ma-
trix for this decomposition, F decαβ , is written as,
F decαβ =
∫
∂P˜ (~k)
∂pα
Veff(P˜ )
P˜ (~k)2
∂P˜ (~k)
∂pβ
d3k
2(2π)3
. (9)
The effective volume Veff(P˜ ) is given by,
Veff(P˜ ) =
[
nP˜
nP˜ + 1
]2
Vsurvey , (10)
where n denotes galaxy number density, here n =
5× 10−3(h−1Mpc)−3 which is an approximated average
value using estimation for the future sky wide–deep field
survey in [58]. Comoving volume, Vsurvey, given by each
redshift shell from z = 0 to 2 with ∆z = 0.2 (fsky = 1/2)
is written as,
Vsurvey = fsky
4π
3
(D3outer −D
3
inner) , (11)
where Douter and Dinner denote comoving distances of
outer and inner shell of the given redshift bin respectively.
Theoretical estimation of density–density and velocity–
velocity spectra using this method is studied in [23].
D. Approach I: shape of spectra prior
In this subsection, we present an easier approach to
determine distance measures. Although the full informa-
tion of spectra are unknown, DA and H
−1 are observable
with the condition of the shape of spectra given.
The shape of the power spectra of density–density and
velocity–velocity correlations critically depends on the
epoch of matter–radiation equality. Under the paradigm
of inflationary theory, initial fluctuations are stretched
outside the horizon at different epochs which generates
the tilt in the power spectrum. The predicted initial tilt-
ing is parameterised as a spectral index (nS) which is
just the shape dependence due to the initial conditions.
When the initial fluctuations reach the coherent evolution
epoch after matter-radiation equality, they experience a
scale-dependent shift from the moment they re-enter the
horizon to the equality epoch. Gravitational instability
is governed by the interplay between radiative pressure
resistance and gravitational infall. The different dura-
tion of modes during this period result in a secondary
shape dependence in the power spectrum. This shape
dependence is determined by the ratio between matter
and radiation energy densities and sets the location of
the matter-radiation equality in the time coordinate [54].
Therefore, the broadband shape is well determined, in a
model–independent way, when the shape parameters of
nS , ωm and ωb are given [42].
Assuming that linear theory holds, the parameter set
pα is given by (Gg(zj), GΘ(zj), DA(zj), H
−1(zj), ωm,
ωb, nS). Here GX denotes the coherent growth factor
defined by,
PΦΦ(k, a) = QΦ(k)G
2
Φ(a),
Pgg(k, a) = Qm(k)G
2
g(a),
PΘΘ(k, a) = Qm(k)G
2
Θ(a), (12)
where the subscript Φ denotes the curvature perturbation
in the Newtonian gauge,
ds2 = −(1 + 2Ψ)dt2 + a2(1 + 2Φ)dx2 . (13)
The growth function Gg is defined as Gg ≡ b gδm where
b is the standard linear bias parameter between the den-
sity of galaxies and the underlying dark matter, δm. As
we follow the positive sign conversion, GΘ is the growth
function of −Θ. We further assume the scale indepen-
dent bias at scales k < 0.1 hMpc−1. The shape factor of
the perturbed metric power spectra QΦ(k) is defined as
QΦ(k) =
2π2
k3
9
25
∆2ζ0(k)T
2
Φ(k), (14)
which is a dimensionless metric power spectra at aeq (the
matter–radiation equilibrium epoch), and ∆2ζ0(k) is the
initial fluctuations in the comoving gauge and TΦ(k) is
the transfer function normalised at TΦ(k → 0) = 1. The
primordial shape ∆2ζ0(k) depends on nS (the slope of the
primordial power spectrum), as ∆2ζ0(k) = A
2
S(k/kp)
nS−1,
where A2S is the amplitude of the initial comoving fluc-
tuations at the pivot scale, kp = 0.002 Mpc
−1. The in-
termediate shape factor TΦ(k) depends on ωm.
The shape factor for the matter fluctuations, Qm(k),
which is important for both the galaxy–galaxy and
velocity–velocity power spectra in Eq. 12 above, is given
by the conversion from QΦ(k) of,
Qm(k) ≡
4
9
k4
H40Ω
2
m
QΦ(k), (15)
where, assuming c = 1, we can write H0 ≡
1/2997 hMpc−1.
5FIG. 2: (Left panel) The fiducial DA(z) is presented as black curve in the top panel. Cases for the fractional errors are presented in
the bottom panel; dotted curve (fixed Gg & GΘ, fixed shape of spectra, no Planck prior), dash curve (floating Gg & GΘ, fixed shape of
spectra, no Planck prior), long dash curve (fixed Gg & GΘ, floating shape of spectra, no Planck prior), and thin solid curve (floating Gg
& GΘ, floating shape of spectra, applying Planck prior). (Right panel) The same captions for H
−1 as in the left panel.
Derivatives in Fisher matrix in terms of (Gg(zj),
GΘ(zj) are given by,
∂ ln P˜ (k, µ, zj)
∂Gg(zj)
=
2Qm(k)
P˜ (k, µ, zj)
[
Gg(zj) + µ
2GΘ(zj)
]
∂ ln P˜ (k, µ, zj)
∂GΘ(zj)
=
2µ2Qm(k)
P˜ (k, µ, zj)
[
Gg(zj) + µ
2GΘ(zj)
]
,(16)
and derivatives in terms of (DA(zj), H
−1(zj)) are given
by,
∂ ln P˜ (k, µ, zj)
∂ lnDA(zj)
=
1
P˜ (k, µ, zj)
[
∂P˜ (k, µ, zj)
∂ ln k
∂ ln k
∂ lnDA(zj)
+
∂P˜ (k, µ, zj)
∂ lnµ
∂ lnµ
∂ lnDA(zj)
]
∂ ln P˜ (k, µ, zj)
∂ lnH−1(zj)
=
1
P˜ (k, µ, zj)
[
∂P˜ (k, µ, zj)
∂ ln k
∂ ln k
∂ lnH−1(zj)
+
∂P˜ (k, µ, zj)
∂ lnµ
∂ lnµ
∂ lnH−1(zj)
]
, (17)
where,
∂ ln k
∂ lnDA
= −(1− µ2)
∂ lnµ
∂ lnDA
= (1 − µ2)
∂ ln k
∂ lnH−1
= −µ2
∂ lnµ
∂ lnH−1
= −(1− µ2) . (18)
Fisher matrix components with the variation of (ωm, ωb,
nS) are calculated computationally using CAMB output.
Results are presented in Fig. 2. When the spectra are
known, the transverse and radial distances are measured
with high precision. The dash curves in the bottom pan-
els of Fig. 2 represent fractional errors, when only the
overall amplitudes of Gg and GΘ are unknown. It shows
that the Alcock-Paczynski test is still available, when the
shape of spectra is given at least. However, when both
the growth functions and the shape of spectra are un-
known, DA and H
−1 are not separately measurable.
In Approach I, we provide the information of the
6shape of spectra externally using CMB experiments. If
the structure formation evolves coherently since the last
scattering surface, the shape of spectra is determined
by CMB precisely. We apply prior information of the
shape parameters for the Fisher matrix in which both
the growth functions and the shape of spectra remains
unknown. The diagonal elements of (ωm, ωb, nS) in
the Fisher matrix are given by; σ(ωm) = 4.9 × 10
−4,
σ(ωb) = 3.7 × 10
−5, σ(nS) = 1.7 × 10
−3. Here Planck
experiment specs are applied. The thin blue solid curves
in Fig. 2 represent the detectability of DA and H
−1 with
this Planck prior applied. The detectability approaches
to the dash curves. We proves that uncertainties caused
by unknown shape of spectra are resolved by applying
CMB prior.
E. Approach II: FLRW prior
An alternative method is proposed in this subsection.
Approach I is not applicable without the combination
of CMB experiments. In addition, the shape of spectra
is not always determined before the last scattering sur-
face. The assumption of coherent growth of structure
formation at later epoch is not valid for some theoretical
models such as f(R) gravity. Then Approach I will bias
observables.
Our understanding of the universe is based upon the
cosmological principle. In a homogeneous universe, two
distinct components of distance measures, DA and H
−1,
are dependent on each other. The angular diameter dis-
tance is an integrated sum of Hubble flow from the cur-
rent to the targeted redshift. If the wide–deep field sur-
vey is designed to be fully tomographic through all red-
shifts, then both different components of distance mea-
sures can be unified. We investigate the detectability
of Hubble flow H−1, when distance measures are unified
into a single degree of freedom. The growth functions and
the shape of spectra remains unknown in this subsection.
With the suggested tomographical wide–deep field sur-
vey design, the angular diameter distance of DA is ap-
proximately expressed by the discrete sum of Hubble flow
of H−1 at each redshift bin as,
DA(zj) =
1
1 + zj
∫ zj
0
dz′H−1(z′)
∼
1
1 + zj
Nj∑
j′=1
H−1(zj′)∆zj′ , (19)
where Nj represents the total number of redshift bins up
to the targeted redshift of zj . Then pα parameter space
for distance measures is unified into a single parameter of
Hubble flow H−1. Most future spectroscopy wide–deep
field redshift survey programs such as SUBARU PFS [55],
BigBOSS [56], DESpec [57] and EUCLID [58] are planned
to make full tomographic scanning. The parameter set
of pα becomes (Gg(zj), GΘ(zj), H
−1(z′j), ωm, ωb, nS).
FIG. 3: Black solid curve in the top panel represents fiducial
H−1(z) with error bars estimated using FLRW prior in small cur-
vature approximation. Blue solid curve in the bottom panel repre-
sents fractional errors.
The derivative in terms of H−1(zj) is given by,
∂ ln P˜ (k, µ, zj)
∂ lnH−1(zj′ )
=
1
P˜ (k, µ, zj)
∂P˜ (k, µ, zj)
∂ ln k
∂ ln k
∂ lnH−1(zj′)
+
1
P˜ (k, µ, zj)
∂P˜ (k, µ, zj)
∂ lnµ
∂ lnµ
∂ lnH−1(zj′)
where
∂ ln k
∂ lnH−1(zj′ )
=
∂ ln k
∂ lnDA(zj)
∂ lnDA(zj)
∂ lnH−1(zj′)
− µ2δjj′ (20)
∂ lnµ
∂ lnH−1(zj′ )
=
∂ lnµ
∂ lnDA(zj)
∂ lnDA(zj)
∂ lnH−1(zj′)
− (1− µ2)δjj′ ,
where zj′ < zj and δjj′ = 1 at j = j
′ otherwise 0. The
reduction of parameter space for distance measures en-
hances the detectability of pα parameter.
Results are presented in Fig. 3. With the unknown
growth functions and the shape of spectra, fractional er-
rors of radial distance H−1 are fairly small. We find that
the fractional errors of H−1 do not increase much from
the case in which the whole spectra are assume to be
known. Hubble flow is directly observable about a per-
centage precision through all redshifts, although the true
cosmological model of the universe is not yet determined.
Most Hubble flow probes are possible by underlying cos-
mological models such as ΛCDM universe. But here we
claim that H−1 is directly measurable regardless of the
determined cosmological model.
Additionally, it is interesting to observe that the shape
parameters are self–determined with no combination
7of CMB experiments. The estimated constraints are;
σ(ωm) = 1.1 × 10
−3, σ(ωb) = 5.8 × 10
−4, σ(nS) =
5.9 × 10−3. We discuss the detectability of the growth
functions in the next section.
The expression of DA in terms of H
−1 in Eq. 19 is only
available in the flat universe. With the non–trivial cur-
vature, the equation of Eq. 19 is updated in the following
way. The curvature parameter is given by,
K =
√
|Ωk|h2/2997.2 hMpc
−1 . (21)
Then parameter space of pα is extended into (Gg(zj),
GΘ(zj), H
−1(z′j), ωm, ωb, nS, K). The estimated angular
diameter distance DA(zj) is given with open curvature
as,
DA(zj) =
1
K(1 + zj)
sinh

K Nj∑
j′=1
H−1(zj′)∆zj′

 , (22)
and with closed curvature as,
DA(zj) =
1
K(1 + zj)
sin

K Nj∑
j′=1
H−1(zj′)∆zj′

 . (23)
We investigate the impact on the detectability of H−1
with curvature parameter. The estimated constraints on
H−1 become poorer only by a factor of 1.5 with curvature
marginalized.
There has been no significance deviation of curvature
parameter from flatness observed. Additionally, the ap-
proximate flatness is predicted by the inflationary theo-
retical model. Therefore small curvature is favored not
only observationally but also theoretically. In this small
curvature approximation of K ≪ 1, the expression of DA
can be approximately given by Eq. 19 at the redshift of
z < 2. Hereafter, the small curvature approximation is
assumed.
III. CHALLENGE TO MEASURE SPECTRA IN
MODEL INDEPENDENT WAY
Predictions for the error on Gg and GΘ are shown in
Fig. 4. Results are presented either assuming that the
distance measures or the shape of spectra is unknown.
Fractional error on Gg and GΘ increases by a factor of
1.5–3, when either information is not known. However,
none of Gg and GΘ are observable when both informa-
tion are not given at the same time. It is useful to ask
how these forecasts depend on the input assumptions.
The shape of spectra can be externally given by CMB
experiments. The thin blue solid curves in Fig. 4 rep-
resent the detectability of Gg and GΘ with Planck prior
applied. This Approach I turns out to be useful for prob-
ing overall amplitudes of Gg and GΘ, while the distance
measures are still unknown.
FIG. 4: (Top panel) Cases for the fractional errors are presented;
dotted curve (fixed DA & H
−1, fixed shape of spectra, no Planck
prior), dash curve (floating DA & H
−1, fixed shape of spectra, no
Planck prior), long dash curve (fixed DA & H
−1, floating shape
of spectra, no Planck prior), and thin solid curve (floating DA &
H−1, floating shape of spectra, applying Planck prior). (Bottom
panel) The same captions for GΘ as in the took panel.
Unfortunately, Approach I is applicable for a limited
number of theoretical models. If the structure forma-
tion does not grow coherently at later epoch [46, 47], the
shape of spectra is not determined at the last scatter-
ing surface. Our prime interest is to probe the whole
spectra represented by Pgg(ki, zj) and PΘΘ(ki, zj). The
parametrization of Pgg(ki, zj) and PΘΘ(ki, zj) includes
the uncertainties of both the growth functions and the
shape of spectra. Therefore, if the distance measures are
unknown, Pgg(ki, zj) and PΘΘ(ki, zj) will not be probed.
In this section, we present the condition that the whole
spectra of Pgg(ki, zj) and PΘΘ(ki, zj) are observable us-
ing Approach II.
We split Fourier space into 20 bins from 0.005 h−1Mpc
to 0.105 h−1Mpc. The full set of parameter space of
pα becomes (Pgg(ki, zj), PΘΘ(ki, zj), DA(zj), H
−1(zj)).
The subscript “i” denotes 20 k bins, and the subscript
“j” denotes 10 z bins from 0 to 2. The derivatives in
terms of (Pgg(ki, zj), PΘΘ(ki, zj)) in the Fisher matrix
are given by,
∂ ln P˜ (k, µ, zj)
∂P decgg (ki, zj)
=
Θi(k)
P˜ (k, µ, zj)
[
1 + µ2
√
PΘΘ(ki, zj)
Pgg(ki, zj)
]
∂ ln P˜ (ki, µ, zj)
∂P decΘΘ (ki, zj)
=
µ2Θi(k)
P˜ (ki, µ, zj)
[√
Pgg(ki, zj)
PΘΘ(ki, zj)
+ µ2
]
,
(24)
where Θi(k) denotes step function in which Θi(k) = 1 at
8FIG. 5: (Left panel) Spectra at z = 1.1 are presented. Solid curve in the top panel represents fiducial Pgg(k), and solid curve in the
bottom panel represents PΘΘ(k). Error bars on the curves represent theoretical estimation using FLRW prior. (Right panel) Summed
fractional errors of spectra at each given redshift are presented with applying FLRW prior.
k belong to ki bin, otherwise Θi(k) = 0. The derivative
terms of distance measures are the same as in Eq. 17.
We find that none of quantities are observable in this full
variation.
We show that the spectra of Pgg(ki, zj) and PΘΘ(ki, zj)
can be observable using Approach II. With the FLRW
prior, the parameter set of pα becomes (Pgg(ki, zj),
PΘΘ(ki, zj), H
−1(zj)). In the left panel of Fig. 5, the
detectability of Pgg(ki, zj) and PΘΘ(ki, zj) at zj = 1.1 is
presented in the top and the bottom panels respectively.
There is no much difference from the case in which the
distance measures are known [23].
We continue our test at the other redshift bins. Here
we present the results using cumulated error of σtot(P )
which is given by,
[
σtot(P )
]−2
=
ikmax∑
i,j=ikmin
P (ki)C
−1[P (ki), P (kj)]P (kj) ,(25)
where C−1 is the inverse of the covariance matrix calcu-
lated using the Fisher matrix. In the top and the bottom
panels of Fig. 5, we present the cumulated dispersion of
σtot(Pgg) and σ
tot(PΘΘ) from z = 0.1 to z = 1.9. Both
spectra are observable in precision using the FLRW prior.
IV. DISCUSSION
The spectra of density and velocity perturbations and
the distance measures are not simultaneously measured
due to high degeneracy among those observables. In this
manuscript, two conditions are presented that this de-
generacy is broken.
First, it can be resolved by a prior information of the
shape of spectra. The spectra of density and velocity
perturbations are composed of the shape and the coher-
ent growth factors. The broadband shape can be pa-
rameterized by a few shape cosmological parameters of
(ωm, ωb, nS). The primordial shape during inflation
is determined by nS , and the transferred shape before
the matter–radiation equality epoch is described by ωm
and ωb. The coherent growth factors of spectra are pa-
rameterized by Gg and GΘ. We show that the growth
functions of Gg and GΘ and the distance measures of
DA and H
−1 are simultaneously observable in precision,
when the shape parameters are marginalized with CMB
experiments.
Second, it can be resolved by assuming a minimal the-
oretical ansatz of the FLRW universe prior in which two
distinct components of distance measures are unified into
a single degree of freedom. The angular diameter dis-
tance of DA is expressed as an integrated sum of Hub-
ble flow of H−1. In practice, this reduction is possible
by demanding that an experimental design of wide–deep
field redshift survey be fully tomographic through all red-
shifts. Then the spectra and the distance measures are
parameterized by (Pgg, PΘΘ, H
−1) without the angu-
lar diameter distance of DA. We find that the spectra
of Pgg and PΘΘ are measured in precision about a sub–
percentage level. Additionally, it is remarkable that the
Hubble flow of H−1 is measured in high precision at all
redshifts. The evolution of Hubble flow is a key observ-
able to reconstruct the history of cosmic expansion. We
9are able to probe it in cosmological model independent
way using this FLRW prior approach. The detectability
of (Pgg, PΘΘ, H
−1) is minimally influenced by relaxing
flat prior with assuming small curvature approximation.
However, we have to mention caveats. As it is well
known, a redshift distortion map is severely contami-
nated by the non–linear smearing effect. It is indeed
troublesome to decompose linear information due to this
contamination. But many reports have been made of
the possible precise decomposition of the linear spectra
of density and velocity fluctuations using the ‘beyond
Kaiser model’ [30, 51–53]. In near future, we will be
back to the work to decompose the spectra and distance
measures using simulated maps.
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